Approach to the qualitative analysis of N-coupled transmission lmes, we propose an equivalent single-lme model for N coupled lmes based on tri-diagonal and symmetric Toeplitz matrix characteristics of the model. Steady state error is analyzed mathematically and verified experimentally. Two cases are studied thoroughly to verify the proposition in which overall waveforms as well as individual reflections and crosstalk responses at both far and near ends are obtained from the qualitative analysis.
Introduction
High-speed serial links have been widely adopted in back plane interconnect. The deployment of gigabit seridizer and deseriulizer (SerDes) poses many challenges for the design, simulation, and manufacturing of the printed circuit board (PCB). In which, transmission line analysis becomes very important for design verification and manufacture debugging. For PCB applications, crosstalk is as an important signal integrity issue as reflection.
To incorporate the crosstalk simulation into traditional circuit simulation, [1, 2] use frequency domain analysis to achieve high accuracy simulation. Time domain responses can then be obtained by inverse Fourier transform. S-parameter analysis [3,4] and its model-order reduction methods [5, 6] are able to achieve very accurate results. But their complexity is high. 17-91 use current and voltage dependent sources technique to produce SPICE-like model. However, they are suitable for circuit simulation only. [10, 11] have proposed a qualitative analysis in time-domain but limited to resistive termination only. [12, 13] have derived closed form for the simulation of crosstalk in a simple and effective way. However, they cannot separate different orders of reflections for the qualitative analysis.
In this paper, we would propose an equivalent uncoupled single-line model for the simulation of the reflection and crosstak effects both quantitatively and qualitatively. In this mechanism, the coupled line system must be modeled as tridiagonal and symmetric Toeplitz matrix. Hence, the crosstalk only appears between adjacent lines and all the lines are identical are assumed.
The proposed methodology is outlined as follows. First, the model for two adjacent transmission lines is derived. Then. they are decomposed into uncoupled lines mathematically. After Taylor expansion, the equivalent uncoupled model provides closed forms for the qualitative analysis of the reflection and crosstalk effects in time domain. The upper hound for the steady state error is derived. To verify the methodology, two cases are studied thoroughly. The qualitative analysis shows not only the overall waveforms hut also the reflected and cross coupled noises at both ends. The neglectable difference between the proposed analysis and the HSPICE simulation assure the feasibility of the methodology.
Transmission line model
Traditionally N-coupled Quasi-TEM (Transverse Electromagnetic) transmission lines are modeled with distributed [RI, [L] , [q and [Cl elements in N by N matrices.
The transmission line stretches in coordinates from 0 to I, as shown in Figure 1 . The telegrapher equations are
O < x < I ax at Here v ( x , i ) and i ( x , t ) are voltage and current vectors at point x at time i as follows.
The Laplace transforms of (1) are 
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The impedance and admittance matrices in (3) are defmed as
To uncouple the variables, a transform of basis is then introduced as follows. From [1, 2] , the eigemnodes solutions for the uncoupled transmission limes can be expressed as follows [ G I = [~, .
According to the topology defmed in Figure 1 , the b o u n d q conditions for forward incident and backward reflected wave at x = 0 and x = I are
(Ilb) The transmission and reflection coefficients for the above equations are
After obtaining the transmission and reflection coefficients, let's move back to (7). (7a) can be decomposed into two terms as follows.
(15b) Form tbe boundary conditions (1 1) and ( 1 3 , the forward and backward uncoupled voltages at both ends are
Here. [Ide,,] is the identity matrix. boundary conditions (1 5 ) is From (9a), the solution for telegrapher equations (6) with
V ( l , s ) = M v { [ E ( / ) ] V , I ( O , s ) + V~( I , s ) ) .
(18) From here, the uncoupled voltages at both ends can be obtained from (16-18) recursively.
Characteristics of Toeplitz matrix
By basis transformation (9, M , and M, generate a uncoupled transmission line systems whose eigenvectors depend on the impedance and admittance matrices in (6). If the impedance and admittance matrices are hi-diagonal and symmetric Toeplitz matrices 17-91, the N by N capacitance and inductance matrices can be written as 
Since all the terms are diagonal matrices, we have completed the proof. Now, we use a two-he model shown in Figure 2 to illustrate single-line modeling. In order to obtain the same eigenvector [MI in coupled system, the terminations for all the lmee at each ends must be identical as explained earlier. Here, Tdi is the propagation delay of line i.
( 5 9 , 6 0 ) are the near end waveforms for the aggressor and victim limes. They are composed of four terms which are (1) the even mode incident wave, ( 2 ) the odd mode incident wave, ( 3 ) the even mode reflected wave, and ( 4 ) the odd mode reflected waves. (61, 62) are the far end waveforms. Their 1" terms are the even mode incident waves and 2"d term are the odd mode incident waves. To simplify the modeliig and speed up the simulation these terms are modeled as high pass or low pass filters [14] in order to be incorporated into MATLab. From each terms in (59-61), we are able to check the effects of every individual coupling effects.
N-coupled transmission lines
A N-coupled transmission lime system can be modeled as an equivalent single lime system by the similar derivation in the last section based on the same assumptions. When considering only one source V , , ( s ) , the closed forms for ith line is J=I Since (50.51) and (57,581 are the closed forms, they include infinite number of reflections. It will take computer a long time to converge. In order to reduce the complexity in reflections are considered. A very specialized case is that if only one reflection is considered. After the Taylor expansion, only the fust order terms are selected, the equivalent time domain equations are Here, Vd4(0,s) and Vw(l,s) are the waveforms at both ends of the equivalent line j as illustrated in In order to illustrate the properties of the single-line equivalent modeling, we use test circuits with two and three coupled lines. The fust case of two coupled lmes is shown in Figure 4 , The length of the lines is 3 inches and their 
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Hence, the nth order closed forms can he given From the error analysis in Section 5, the steady state errors for the fust and second order approximation are shown in Table I . The error is 6.09% for n=l and 0.38% for n=2. In other words, when considering only two reflections, the error is very small and neglectable. Figure 6 shows the simulations results considering only the second order reflection. The first stipe is the near end waveform of the aggressor l i e . It is the summation of the next three stripes. They are the incident waves in stripe 2, the 1* order reflections in stripe 3, and the 2"d order reflections in stripe 4. Note that there are odd and even mode reflections in each stripe. The remaining stripes are for the near end of the victim line, the far end of the aggressor. and the far end of the victim. As one can see, the 5" and 12' stripes are the crosstalk noise at near and far ends of the victim line. Each has two limes in it, one by HSPICE simulation and another by our qualitative analysis. The differences between them are in accord with the error analysis results shown in Table 1 .
The second case with three coupled l i e s is shown in Figure 5 . Only the first order reflection is considered. The error analysis is shown in Table 2 . The maximal error is 5.88% at the far end of the fust lime. Although the error is 7.01% for the near end of the third line, it amplitude is very small as compared to the fust line. Figure 7 shows the simulation results. They are arranged in the same manner as Figure 6 . Stripe 1 and IO show the waveforms at near and far ends of the line 1. Stripe (4,12) and (7, 14) show the waveforms for line 2 and 3. In additional to the overall waveforms in these stripes, the remaining stripes show different orders of the crosstalk.
Conclusions
In this paper, we have proposed a methodology to model multiple coupled transmission limes as a single uncoupled transmission line to minimize the simulation complexity. In additional to the quantitative analysis of the overall waveform, it also produces the qualitative analysis of each individual reflection terms. These waveforms provide valuable information for the design and diagnosis of the printed circuit boards. Modeling methodology and error analysis are conducted mathematically and implemented in MATLab. The thorough experiments on two and three coupled line systems show that the proposed models are able to achieve the accuracy within the tolerance derived by the error analysis. 
